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1. INTRODUCTION 
An effective way of solving physical problems is often provided by a variational 
representation. Such representations arise either naturally as physical principles 
e.g. Principle of Least Action, or as an alternative means to directly solving the 
dynamical equations of the system. In many cases one can associate with a 
variational principle an equivalent one, termed a complementary principle [l]. 
One then has the option of solving the problem via either principle or perhaps 
utilizing both jointly as an algorithmic stopping criteria i.e. the principles 
provide upper and lower bounds to the solution. 
For some time now, mathematical programmers have been interested in 
developing dual problems to various primal optimization problems. These 
are now a prominent part of optimization theory and are the basis for many 
efficient computational algorithms. In fact, the primal-dual relationships in 
function space studied by mathematical programmers are the same as the 
variational principle-complementary principle relationships studied by 
physicists. Whittle [2] has noted this relationship for a physical problem using 
Lagrangian type duality. Recently powerful and general approaches to duality 
theory for convex functionals have been developed by Rockafellar [3] and Scott 
and Jefferson [4]. Here we propose to illustrate the application of our theory 
to the generation of complementary variational principles for two different 
physical problems. A significant feature of our approach is a convenient method 
for handling inequality constraints by way of a cone. 
2. DUALITY THEORY 
This section follows Scott and Jefferson [4] where further details may be 
found. 
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We consider convex functionals of the form 
where T is a measure space with complete u-finite measure CL. x EL, a linear 
space of mappings x: T + X with X having the following properties: (i) com- 
plete separable real metric space and (ii) measurable space. g is a convex normal 
integrand. We define the dual space of X to be Y and M to be the space of 
linear measurable functions y: T -+ Y. By construction x(t) y(t) is well defined 
for all t. Hence so is 
L (and M) are decomposable spaces e.g. Lebesgue sets. 
DEFINITION 1. The subgradient set of G at a point (function) z is defined by 
aG(z) = {y I G(z) - (y, z - x) < G(x) Vx E C} 
where C is a convex set. 
DEFINITION 2. The conjugate transform of a functional G(x) defined on 
x E C, [G(x), C], is [H(y), D] where 
and 
MY) = SUP[(X,Y) - G(x)1 
EC 
D = (Y /SUP(X,Y) - GW < a> 
XCC 
This is a well defined closed convex functional. 
The primal functional optimization problem is given as: 
minimize G(x) over x E C (1) 
subject to XEX (2) 
where x is a convex cone. 
The corresponding dual problem is: 
minimize H(y) over y E D (3) 
subject to YEX* (4) 
where [H(y), D] is the conjugate transform of [G(x), C] and x* is the polar of 
the cone x, 
i.e. x* = {Y I <%Y) 2 OVXEX) (5) 
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We note the simple symmetry of the formulation. At optimality the following 
relations hold 
G@o) + WY,) = 0 (6) 
<X0??,) = 0 (7) 
yo E Wxo) (8) 
where x0 , y. are the extremizing functions of the primal and dual problems 
respectively. 
3. A PROBLEM FROM ELASTICITY 
We consider the problem of determining the equilibrium position of an 
elastic solid of volume 52 resting on a rigid support. We assume that the contact 
is unilateral over a part of the surface To . There are body forces f with com- 
ponents fi , i = 1,2, 3 and surface forces g, , i = 1,2, 3 on the boundary 
asZ - To = rI . The equilibrium position is given by minimizing the potential 
energy of the solid over the set of kinematically admissible displacements, 
V = {v 1 wN < 0 on To} (9) 
where vN is the outward normal component of v. 
For a homogeneous, isotropic, linearly elastic 
given by 
solid, the potential energy is 
where h and p are the same Lame’s parameters, Q(V) are the strains: 
au. 
‘idv) = + (-$f- + -&) Vi, j 
and dQ and dI’ denote volume and surface elements. As a primal mathematical 
program (see equations (1) and (2)), the above may be written: 
492 SCOTT, JEFFERSON, AND LEDERER 
subject to the cone condition, 
Eij = gave/axj + a7+/axi) Vi, j 
vi = wi Vi on r, 
vi = xi Vi on r, 
XN < 0 on F,. 
To determine the dual problem given by equations (3) and (4) we need the 
conjugate transform of G(v) and the polar of the cone defined by equation (13). 
The dual objective is routinely obtained to be 
(14) 
u*j = uji Vi, j, 
with ui + fi = 0 and zi + g, = 0. Here E and v are Young’s modulus and 
Poisson’s coefficient respectively. 
The polar cone condition implies that 
(a,E)+(U,v)+(X,W)+(X,Y) 30 (15) 
Substituting equations (13) into equation (15) and using Green’s theorem 
results in 
s c (- 7 2 + Ui) vi + Q (1 uiPj + 3) wi + (YT, VT) + (YN , vhr) 
R i 3 j 
20 (16) 
where nj are the direction cosines of the exterior normal and vr is the tangential 
component of v on the surface F,, . Since equation (16) must be true for all 
vi , wi, vr and vN < 0, we have that 
- 2 auijjax, + ui = 0 Vi in L? 
T u& + zi = 0 Vi on r, 
YT=O on F, 
YN Go on r,. 
(14) 
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Hence the dual problem is given by: 
l minimize H(o) = g 1, (F ( iti CT&) - s ($r Q)“) dLJ 
subject to 
c 
au.. 
2 + fi = 0 j axi Vi in J2 
C uijnj - gi = 0 Vi on r, 
(15) 
(16) 
YT = 0 
YN < o 
The optimality conditions are 
on r, 
on r,. 
u’ii = A 1 Eii + 2pEiC 
j 
(17) 
uij = 2pq Vi, j, i#j. 
This is well known to be the complementary energy problem with Uij being 
the stress tensor. The duality for this problem has previously been considered 
by Fremond [5] for the case of bilateral contact. 
4. A PROBLEM FROM HYDRODYNAMICS 
In analysing a hydrodynamical problem with one-sided constraints (the 
inception of cavitation in a liquid flow), Moreau [6] enunciates a generalisation 
of Gauss’ principle of least deviation. Here, the problem is to find an acceleration 
field y(x) satisfying 
and 
%4x) 
ax>O 
(18) 
r - A4 3 0 
which minimizes a generalised Appell’s functional 
G(Y) = 4 j-b py2dx - labWx - ~(4 tea (19) 
where p is the fluid density, r is a given acceleration, f a given force and qa is 
a given constant. x = a and x = b denote the extremities of the fluid column 
under consideration. Full details may be found in Moreau [6]. 
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In our primal formulation, given by equations (1) and (2), this problem 
may be written as 
. 
minimize G(rI , yZ) = 1 s” py12 & - /‘fyt dx - yz(a) qn 
n II (20) 
subject to the implicit constraints 
%2 ax 2 0 a.e. 
(21) 
which form a convex set, and the subspace condition 
y1 = y2 a.e. (22) 
We use the implicit constraints, equation (21) in the equivalent form: 
y,(x) d r2(4 < r a.e. (23) 
Routine computation of the conjugate transform of G(rl, y2) with the 
implicit constraints yields a dual functional 
fW% , PA = $ jb A" dx + $ j" BJ dx + + j f" dx + r (jab Bz dx + qa) 
a a 
with 
qa + 1‘” 82 dx > 0 
a 
where & and /3, are dual variables associated with the primal variables y1 and ‘yz . 
The orthogonal subspace (the polar of a subspace) of equation (22) is readily 
found to be given by 
jb PI dx + jb & dx = 0 
a a 
Hence the dual problem is given by 
minimize H(&) = -$- jb PI2 dx + $ j” BJdx + r (- jab & dx + q,) (24) 
a a 
subject to 
qa - jb PI dx 3 0. 
a 
(25) 
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